The thermoelastic displacement boundary value problem for a rigid inclusion interacting with a line crack in an infinite plane subjected to a uniform heat flux is studied, in which the rigid body rotation of the inclusion is considered. To solve the prescribed problem, we use the principle of superposition to decompose it into two groups of problems, which are further reduced to several basic subproblems including Green's functions of edge dislocation and heat source couple, as well as the problem of a plane containing the inclusion under uniform heat flux and the problem of the inclusion subjected to a small rotation. The problems are solved using the complex variable method along with the rational mapping function technique. The variations of the stress intensity factors at the crack tips and the rigid body rotation angles with various crack lengths and heat flux angles are shown. The effects of the inclusion shape and size are also investigated.
Introduction
Many problems in engineering applications in general, and composites and damage mechanics in particular, deal with the interaction of inclusions with cracks. Thermal stress problem and induced failure is also a crucial problem in diverse branches from microelectronics to aerospace field. The two points make the relevant problems attract much research attention for several decades.
In the sixties of the last century, Dundurs and Mura (1964) and Dundurs and Sendeckyj (1965) derived the analytical solutions for the interaction between an edge dislocation and a circular inclusion. Later, the interaction between dislocations and elliptical inclusions in isotropic and anisotropic elastic materials was discussed by Santare and Keer (1986) , Hwu and Yen (1993) and Yen and Hwu (1994) . Using the solution of dislocation, the interaction of inclusions with cracks can be treated conveniently using integral equations.
The problem of a crack outside a circular inclusion was studied by Atkinson (1972) , Erdogan and Gupta (1975) and Patton and Santare (1990) . The effect of a rigid elliptical inclusion on a straight crack was discussed by Patton and Santare (1990) . The problems of interactions between multi-holes, various types of cracks and elliptical inclusions were studied by Hwu and Liao (1994) and Hwu et al. (1995) by using a special boundary element method which combined fundamental solutions and subregion technique. A closed form solution for a plane elastic medium with a crack and a circular misfitting inclusion was obtained by combining the dislocation model of crack with Eshelby's point force method by Wang and Hasebe (1996) . The interaction of two or multiple circular and ellipsoidal inhomogeneities in elastostatics were considered by Moschovidis and Mura (1975) , Rodin and Hwang (1991) and Gong and Meguid (1993) . Also, Hasebe et al. (2003a,b) considered the interaction between a crack and a hole under, respectively, stress and displacement boundaries subjected to a uniform remote loading using the Green's function method.
The aforementioned studies are concentrated on the interaction problems of crack with inclusions under isothermal conditions without considering the thermal effect. A number of papers considered the interaction under thermal condition. Kattis and Patia (1994) gave an explicit solution for the thermal stress problem for a partly debonded rigid circular-arc fiber inclusion in an infinite matrix in the form of the complex potentials. They showed that the stress field at the crack tip exhibited two singularities of orders 0.75 and 0.25 and the logarithmic oscillation of the interface crack. Chao and Lee (1996) considered the interaction between a crack and a circular inclusion under remote uniform heat flow by using the complex variable theory and the existing solutions for dislocation functions. The solution for the line crack was formulated by a system of singular integral equations with logarithmic singular kernels. Qin (1999 Qin ( , 2000 derived the thermoelectroelastic Green's function for thermal load and investigated the interaction problems between a crack and elliptic inclusion by combining the method of Stroh's formalism, the techniques of conformal mapping and perturbation, and the method of analytical continuation. The thermal loading could be point heat source, temperature discontinuity, or uniform remote heat flow. Sekine (1977) studied the influence of an insulated circular hole on the thermal stress singularities at tips of a line crack. Pham et al. (2005) studied the interaction problem between a cracked hole and a line crack using Green's function, mapping function and complex variable method. However, to the authors' knowledge, the thermoelastic problem of an inclusion of arbitrary shape interacting with a crack has not been considered in the literature.
The aim of this paper is to study the interaction of a comparatively arbitrary rigid inclusion with a line crack under a primarily uniform heat flux, in which the rigid body rotation of the inclusion is allowed. To solve this thermoelastic interaction problem, we split it into two problems: (A I ) The thermoelastic interaction between a crack and an inclusion of which the rigid body rotation is restrained. (A II ) The mechanical interaction between a crack and an inclusion of which a rigid body rotation is applied. It should be seen that, even the two problems cannot be solved directly. They must be further decomposed to several basic problems which include thermal and thermoelastic Green's functions. The solution is then obtained by the superposition and the integral equations. The influences of crack length and the heat flux direction on the stress intensity factors at the crack tips and rigid body rotation angle, as well as the effect of the inclusion shape and size are investigated.
Statement of the problem and superposition
This paper studies the problem of a rigid inclusion which can be rotated freely in an infinite plane interacting with a crack under uniform heat flux, as shown in Fig. 1(Problem A III ) . The inclusion and the line crack are assumed adiabatic and the faces of the crack are assumed traction free without loss of generality. To solve this problem, first, we decompose it into two subsidiary problems A I ( Fig. 1(f) ) and A II ( Fig. 1(g) ). Problem A I deals with the inclusion without rotation, whereas A II deals with the inclusion with a small rotation. The original problem, defined by A III , can be obtained by the superposition of the two problems in such a way that the resultant moment on the rigid inclusion is zero.
Problem A I can be decomposed to the following three subproblems, as shown in Fig. 1 
(a)-(c):
Problem B I : An infinite plane with a fixed rigid inclusion subjects to a primarily uniform heat flux ( Fig. 1(a) , Hasebe et al., 1989 ).
Problem C I : A distribution of heat source couples is assumed along the crack position in an infinite plane with a fixed rigid inclusion ( Fig. 1(b) , Hasebe and Wang, 2005; Yoshikawa and Hasebe, 1999b) . Problem D I : A distribution of edge dislocations is assumed along the crack position in an infinite plane with a fixed rigid inclusion ( Fig. 1(c) , Hasebe et al., 2003a,b) .
To obtain the solution of problem C I , we use the Green's function of problem E I ( Fig. 1(p) ), in which a heat source couple is applied at some point on the crack position in an infinite plane with an unmovable inclusion. In the same way, the Green's function of edge dislocation (F I ) ( Fig. 1(q) ) is used to obtain the solution of problem D I . Thus, the solutions of problems C I and D I can be obtained by the integral equations. The two unknown functions: the density function of heat source couple for problem C I and the density function of edge dislocation for problem D I , are determined from the adiabatic and traction-free conditions, respectively, along Problem A II can be converted to two subproblems, as shown in Fig. 1(d) and (e):
Problem B II : A small rotation is applied to the rigid inclusion embedded in an infinite plane ( Fig. 1(d) , Yoshikawa and Hasebe, 1999b) . Problem C II : A distribution of edge dislocations is assumed along the crack line in an infinite plane with a fixed rigid inclusion ( Fig. 1(e) , Hasebe et al., 2003a,b) .
We can see that problem C II has the same form as problem D I . It should be noted that the two problems can be solved using the same Green's function of edge dislocation (F I ) ( Fig. 1(q) ), but their distribution densities need not be equal. The density function in problem C II is determined from the traction free condition on the crack position for problem A II , i.e., to cancel the tractions on the crack line induced by problem B II .
Rational mapping function and basic formulae
In this paper, we consider a square inclusion in an infinite plane (Fig. 2) to represent the rational mapping function technique that can generally deals with arbitrary shapes. The rational mapping function with the following general form (Hasebe and Inohara, 1980; Hasebe and Ueda, 1980; Hasebe and Chen, 1996; Yoshikawa and Hasebe, 1999a; Hasebe et al., 2003b) :
maps the exterior of the square region in the z-plane onto the exterior of the unit circle in the f-plane as shown in Fig. 2 .
. . , n) are complex constants and jf k j < 1. The value of E À1 , pertaining to the position of the coordinate axes, should be taken as zero when the center of the inclusion is located at the origin of the coordinate system. In the computation, we chose n = 36 for the square hole (Yoshikawa and Hasebe, 1999a) . It can be seen from Eq. (1) that, taking E 0 5 0 and E k = 0 (k = 1,2,3,. . . , n), the mapping function is reduced to the one for a circular hole. Likewise, when E 0 = (a + b)/2 and E 1 = (b À a)/2, f 1 = 0 and E k = 0 (k = 2,3,. . . , n) are taken, the mapping function is for an elliptical hole with semi-axes on the x and y-axes being a and b, respectively. Since the temperature function hðf; fÞ for a two-dimensional steady-state problem satisfies the Laplace equation, it can be expressed as the real part of an analytic complex function W(f). The temperature and heat flux can then be expressed by W(f), as stated in Hasebe et al. (1986 Hasebe et al. ( , 1988 and Han and Hasebe (2001) . The adiabatic condition for the heat flux along the boundary is expressed:
In the two-dimensional elastic problem, the stress components, the stress and displacement boundary conditions can be expressed in terms of two complex stress functions /(f) and w(f) (Muskhelishvili, 1963; Hasebe et al., 1989; Han and Hasebe, 2001 ). 
Solution of problem A I
Problem A I , as specified in Fig. 1 , indicates the thermoelastic interaction between a crack and a rigid inclusion of which the rigid body rotation is restrained under a primarily uniform heat flux. Its solution is the superposition of that for problems B I , C I and D I ( Fig. 1(a) -(c)), which will be considered in the follows.
Problem B I
A fixed rigid inclusion embedded in an infinite plane subjected to a primarily uniform heat flux is considered in problem B I . The inclusion is assumed adiabatic. For the heat conduction problem, the temperature function W B I ðfÞ is (Hasebe et al., 1986 (Hasebe et al., , 1989 :
in which q is the intensity of the uniform heat flux; d is the angle between the direction of the heat flux and the x-axis. The stress functions / B I ðfÞ and w B I ðfÞ for the thermoelastic problem have been obtained by Hasebe et al. (1989) . Since the boundary displacement of the inclusion is restrained to zero, a resultant moment about the origin may be generated (Muskhelishvili, 1963) :
where
Problem C I
In problem C I , a distribution of heat source couples is assumed along the crack line in an infinite plane with an adiabatic rigid inclusion ( Fig. 1(b) ). Problem C I can be reduced to problem E I , in which a heat source couple is located at some point on the crack position in an infinite plane with a fixed inclusion. The solution of problem C I can be obtained in an integral form by using the Green's function of a heat source couple (E I ).
Temperature field
Consider the heat conduction problem. Based on the solution for one point heat source given by Yoshikawa and Hasebe (1999b) , the temperature function for a heat source couple located at f a in the f-plane can be obtained in a limiting sense for a pair infinitely approaching opposite point heat sources as
where k is thermal conductivity of the material, b is the angle between the direction of the heat source couple and the x-axis, C denotes the magnitude of the heat source couple, and f a = x À1 (z a ), f 0 a 1=f a , in which z a is the location of the heat source couple in the z-plane.
After defining the density of a heat source couple c(t) dt = dC(t), we can obtain the temperature function for problem C I by integration along the crack line AB:
where f is the half length of the crack.
Thermoelastic stress field
Similarly, the stress functions / E I ðfÞ and w E I ðfÞ for a heat source couple located at f a in an infinite plane with a fixed inclusion are obtained from the results for a point heat source (Yoshikawa and Hasebe, 1999b; Hasebe and Wang, 2005) . The resultant moment on the inclusion induced by the heat source couple can be obtained by Eq. (4):
where I 1 , I 2 and I 3 are evaluated as follows:
As previously stated, by means of the principle of the superposition, after problem E I is solved, the solution of problem C I is obtained by integrating the Green's functions / E I ðfÞ and w E I ðfÞ along the line AB. The tractions normal ðN C I Þ and tangential ðT C I Þ to the crack line AB are
where N E I ðt; sÞ and T E I ðt; sÞ are the traction components at point s, respectively, normal and tangential to the crack line caused by the unit heat source couple located at point t. The resultant moment on the inclusion for problem C I is
where M E I ðtÞ is the resultant moment caused by the unit heat source couple located at point t.
Problem D I
In problem D I , a distribution of edge dislocations is assumed along the crack line in an infinite plane with a rigid inclusion (Fig. 1(c) ). Problem D I can be reduced to problem F I , in which a point dislocation is located at some point on the crack line in an infinite plane with a fixed inclusion. The solution of problem D I can be obtained in an integral form by using the Green's function of a point dislocation. It should be noted that this problem is a merely mechanical problem without any thermal effect. The stress functions / F I ðfÞ and w D I ðfÞ for a point dislocation are stated in Hasebe et al. (2003a) . The resultant moment on the inclusion induced by the point dislocation can be obtained by Eq. (4) as
where I 1 and I 2 are evaluated as follows:
The tractions normal ðN D I Þ and tangential ðT D I Þ to the crack line AB for problem D I are obtained (Hasebe and Chen, 1996 )
where h n (t) and h s (t) denote the dislocation density function in the normal and tangential directions respectively; t represents an arbitrary point on the crack. N j (t, s) and T j (t, s) signify the traction at point s in the directions, respectively, normal and tangential to the crack surface induced by the unit dislocation at point t in the j direction, where subscript j = n, s represent the components in the normal and tangential directions, respectively. The resultant moment on the inclusion for problem D I is
where M F I n ðtÞ and M F I t ðtÞ denote the moments induced by the point dislocation in the normal and tangential directions, respectively.
Integration of problem A I
Problem A I is the superposition of problems B I , C I and D I , as shown in Fig. 1(a)-(c) , which have been considered in Sections 4.1-4.3.
Temperature field
Note that problem D I has no effect on the temperature field. The temperature function for problem A I is
From the adiabatic condition along the crack faces, the following singular integral equation for c(t) is derived:
where s 0 is an arbitrary standard point on the crack face AB. Function c(t) can be further reduced to the following form for a crack problem:
where G(t) denotes an unknown function. By the transformation of integral variable t = Àf cos h and the standard integral method, the unknown function G(t) can be obtained numerically (Erdogan and Gupta, 1972) .
Thermoelastic stress field
From the traction-free condition on the crack surfaces, the singular integral equation for the determination of dislocation density h j (t) (j = n, s) is (see Eqs. (12) and (17) 
where ½N B I ðsÞ þ i T B I ðsÞ on the crack line AB can be calculated using the stress functions of problems B I . ½N C I ðsÞ þ i T C I ðsÞ is expressed by Eq. (12). From the condition of single-valuedness of displacement around the line crack, h j (t) (j = n, s) must satisfy the following condition (Chen and Hasebe, 1992) :
Further, for a crack problem, the functions h n (t) and h s (t) are expressed as
Accordingly, H n (t) and H s (t) become the unknown functions. Inserting Eq. (24) into (22) and (23), and after transformation of integral variable t = Àf cos h, the above integral equations (22) and (23) 
which can be solved numerically using the Gauss-Chebyshev integration formula (Erdogan and Gupta, 1972; Chen and Hasebe, 1992) . The resultant moment on the inclusion for problem A I should be the sum of that for the three problems as
where M B I , M C I , and M D I are obtained from Eqs. (4), (8) and (18), respectively.
Solution of problem A II
Problem A II is specified in Fig. 1(g ), in which a small rotation is applied to a rigid inclusion which interacts with a line crack in an infinite plane. Problem A II is converted to two subproblems B II and C II as shown in Fig. 1(d) and (e).
Problem B II
Problem B II is depicted in Fig. 1(d) , in which a small counter-clock wise rotation e B II is applied to a rigid inclusion in an infinite plane. The stress functions / B II ðfÞ and w B II ðfÞ are expressed in Yoshikawa and Hasebe (1999b) . The resultant moment about the origin is obtained by Eq. (4) as
Problem C II
Problem C II is depicted in Fig. 1(e) . As stated previously, its solution has the same form as problem D I but with a different distribution density which should be determined from the traction free condition on the crack faces for problem A II . The expressions are omitted here for brevity.
Integration of problem A II
Problem A II is the superposition of problems B II and C II , as shown in Fig. 1(d) , (e) and (g). Similar to problem A I , from the traction-free condition on the line crack surfaces and the single-valuedness condition of displacement, the singular integral equations for the determination of dislocation density h IIj (t) (j = n, s) are obtained as 
where M B II and M C II are obtained from Eqs. (28) and (18), respectively using the stress functions of problem C II .
Solution of problem A III
Problem A III is the superposition of problems A I and A II . If M A I and M A II represent the resultant moments induced in problem A I by letting heat flux q = 1 and in problem A II by letting inclusion rotation e A II ¼ 1, respectively, the resultant moment M A III on the rigid inclusion for Problem A III can be written as
Eq. (35) should be zero due to the free rotation condition in the original problem A III . The inclusion rotation is then determined as
From Fig. 1(f) -(h), we have
So far, the unknown functions (distribution densities of heat source couples and edge dislocations) and the unknown variable (inclusion rotation) are all determined. The stress intensity factors (SIFs) for the crack tips A and B for problem A III can be evaluated as 
The SIFs K A,B(I) and K A,B(II) , which are in complex variable forms for mode I and II, are evaluated in terms of dislocation density as shown in Erdogan and Gupta (1972) and Chen and Hasebe (1992) .
Numerical results and discussion
The numerical results of the resultant moments on the inclusions, the rigid body rotation of the inclusions and dimensionless SIFs at the crack tips A and B are shown. In order to investigate the effect of inclusion shape and make a comparison, four cases of elliptical inclusions with the ratio (k = b/a) of the half axes being k = 0.1, 0.5, 1.0 and 2.0 and a square inclusion are considered.
Figs. 3-6 show the results for d/a = 3.0, f/a = 1.0 and m = 0.3 when the directional angle of heat flux varies from d = 0°to 180°. The resultant moment about the origin in problem A I is illustrated in Fig. 3 . This moment is the reaction moment that restrains the rigid body rotation of the inclusion. It can be seen that resultant moment is zero when d = 0°and 180°due to the symmetry, whereas it reaches maximum value at d = 90°. And the maximum values of resultant moment increase in the order: k = 0.1 ! k = 0.5 ! square ! k = 1.0 ! k = 2.0, which implies that the heat flow has a stronger effect on the circular inclusion (k = 1.0) than on the square one. This corresponds to the fact that the resultant moment to restrain the inclusion rotation becomes greater with its size increasing. Fig. 4 shows the amount of the rigid body rotation (Eqs. (36) and (37) inclusion is zero. It is seen, corresponding to Fig. 3 , the inclusion does not rotate when d = 0°and 180°due to the symmetry, whereas the rotation reaches maximum at d = 90°. The absolute values of the maximum rotation increase in the same order as the resultant moment in Fig. 3 . The dimensionless stress intensity factors at crack tips A and B for problem A III are shown in Figs. 5 and 6, respectively. It is seen that SIFs (F IA , F IB ) of mode I for both tips A and B have the same tendency: the values are decreased with increasing the direction angle of the heat flux. For mode II case, it is found that the values of F IIA (tip far from the inclusion) are negative regardless of the inclusion shape, while F IIB (tip close to the inclusion) may have either positive or negative values dependent on the inclusion shape. We also have the results of SIFs for problem A I for the parameters: d/a = 3.0, f/a = 1.0. Nevertheless, the values do not make much difference for the two cases that the rigid body rotation is restrained or not, the illustration is omitted here. Table 1 and Fig. 5 in Hasebe et al. (1991) by rearranging the normalization. Note that Hasebe et al. (1991) dealt with the inclusion-crack problem by solving a mixed boundary value problem instead of using the dislocation method in this paper. This should verify the present results to some extent. It can be seen that the values of F IIA are negative irrespective of the inclusion shape, while F IIB may have either positive or negative values dependent on the inclusion shape. The SIFs at crack tips A and B for problem A II are plotted in Figs. 12 and 13, respectively (defined in Eq. (40)). It can be seen the absolute values of SIFs mainly increase with the crack length, whereas the values of F IIB have a slightly downward trend when tip B is close to the inclusion. This should come from the restraint effect of the rigid inclusion. However, if we investigate the ratio of F IIA(II) /F IIA(I) , we can find the trend become reversed. The relative values decrease from about 0.9 to 0.02 with crack length increasing, which implies that the rotation effect of the inclusion is strong for a short crack compared to a long one. Figs. 14 and 15 show the SIFs at crack tips A and B, respectively, for problem A III versus crack length (defined in Eq. (38)). In Fig. 14 , the curve for the square inclusion exists between k = 1.0 and k = 2.0. In Fig. 15 , it is found that the curve for the square inclusion is more close to that for the thin inclusion (k = 0.1) than that for the circular one (k = 1.0). The influence of the inclusion restraint on the SIFs can be found by comparing Figs. 10 and 14, 11 and 15, respectively. We can see the curve shapes are similar for the two cases that the rigid body rotation of the inclusion is restrained and not. The values of e A III and F AB(II) are negative, which leads to the positive value of the term (e A III Â F ABðIIÞ ). On the other hand, the values of F AB(I) are negative.
Summary and concluding remarks
The thermoelastic interaction between a rigid inclusion and a line crack in an infinite plane subjected to a primarily uniform heat flux was considered. In the analysis, the original problem was reduced to several displacement boundary value problems, in which the boundary conditions for the inclusion are completely satisfied. For the line crack, numerical integration was carried out.
The rational mapping function is a powerful and feasible tool. Other configurations can be readily dealt with by merely changing the coefficients. In principle, this technique can be applied to arbitrary shapes (Hasebe and Ueda, 1980; Hasebe and Chen, 1996; Wang and Hasebe, 2001) .
The solution for the rigid body rotation of an inclusion being allowed was obtained in such a way that the resultant moment on the inclusion boundary is zero after superposition of the pertinent problems. The SIFs at the crack tips are computed using the rigid body rotation obtained in advance, and the influence of the inclusion on the crack was investigated. It should be noted that a rigid inclusion problem is more difficult than a hole problem because the rotation of the rigid inclusion must be taken into account.
Under the condition d/a = 3, which means the relative position between a crack and an inclusion, the values of the resultant moments on the square inclusion, the rigid body rotation angles, and the SIFs of mode I at the crack tips for the square inclusion case are located in between the cases of k = 0.5 and k = 1.0 (circle) of elliptical inclusion, whereas for mode II case, the SIF values for the square inclusion is close to the case of k = 2.0 and k = 0.1 (thin inclusion) for tips A and B, respectively. And the values of SIFs for the case of restrained inclusion are greater than those for the unrestrained one. The rotation effect of the inclusion is strong for a short crack compared to a long one.
The complex variable and the integral equation method, together with the boundary element method, are conventional method in solving 2D thermoelastic problem. It has special advantages in dealing with stress concentration and crack problems. This work can be seen as an application of the Green's functions obtained previously. The Green's functions are expressed in closed forms which are easy for use. This approach should be an alternative and effective method to study the crack interaction problem. And also it can be used to check the results obtained by other numerical methods.
